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“terminate Forms and I'Hospital’'s Rule

Suppose we are trying to analyze the behavior of the
function

In x

F(x)=x_1

Although F is not defined when x = 1, we need to know how
F behaves near 1. In particular, we would like to know the
value of the limit

In x

1 lim
x—1 X — 1




“terminate Forms and I'Hospital’'s Rule

In computing this limit we can’t apply Law 5 of limits
because the limit of the denominator is 0. In fact, although
the limit in LL| exists, its value is not obvious because both
numerator and denominator approach 0 and 8 IS not
defined.

In general, if we have a limit of the form

lim L)
x—~a g(x)

where both f(x) —» 0 and g(x) »> 0 as x — a, then this limit
may or may not exist and is called an indeterminate form
of type g



“terminate Forms and I'Hospital’'s Rule

For rational functions, we can cancel common factors:

Coxt—x , x(x — 1)
Iim 5 = [im
x—1 x° — 1 =1 (x + 1)(x — 1)

X

= lim
x—1 X -+ 1

We used a geometric argument to show that

o sin x
Iim =1
120 x




“terminate Forms and I'Hospital’'s Rule

But these methods do not work for limits such as | 1], so in
this section we introduce a systematic method, known as
I’Hospital’s Rule, for the evaluation of indeterminate forms.

Another situation in which a limit is not obvious occurs
when we look for a horizontal asymptote of F and need to

evaluate its limit at infinity:

In x

2 Iim

x—0 X —

It isn’t obvious how to evaluate this limit because both
numerator and denominator become large as x — .



“terminate Forms and I'Hospital’'s Rule

There is a struggle between numerator and denominator. If
the numerator wins, the limit will be oc; if the denominator
wins, the answer will be 0. Or there may be some
compromise, in which case the answer will be some finite
positive number.

In general, if we have a limit of the form

lim L%
x—a g(x)

where both f(x) — o (or — oo ) and g(x) > o (or — oo ), then
the limit may or may not exist and is called an
indeterminate form of type oo/ .



“terminate Forms and I'Hospital’'s Rule

This type of limit can be evaluated for certain functions,
including rational functions, by dividing numerator and
denominator by the highest power of that occurs in the
denominator. For instance,

Y
oxr =1 , X’
hm22+1=hm " S
X— /X X—>0
2+—2 2
X

This method does not work for limits such as [7].




“terminate Forms and I'Hospital’'s Rule

L'Hospital's Rule applies to this type of indeterminate form.

L'Hospital's Rule Suppose f and g are differentiable and g'(x) # 0 on an open
interval 7 that contains a (except possibly at a). Suppose that

lim f(x) =0 and limg(x) =0

x—*q Xx—a

or that lim f(x) = = and lim g(x) = *oo

Xx—a xX—da
(In other words, we have an indeterminate form of type o or %/.) Then

) _ L (%)
W e

if the limit on the right side exists (or is ®© or —®),




“Indeterminate Forms and I'Hospital’'s Rule

Note 1:

L'Hospital's Rule says that the limit of a quotient of
functions is equal to the limit of the quotient of their
derivatives, provided that the given conditions are satisfied.
It is especially important to verify the conditions regarding
the limits of f and g before using I'Hospital’'s Rule.

Note 2:

L'Hospital's Rule is also valid for one-sided limits and for
limits at infinity or negative infinity; that is, “x — a” can be
replaced by any of the symbols x —» a*, x > a, X > oo, Or
X —> —oo.

10



“terminate Forms and I'Hospital’'s Rule

Note 3:

For the special case in which f(a) = g(a) =0, f" and g’ are
continuous, and g'(a) # 0, it is easy to see why I'Hospital’s
Rule is true. In fact, using the alternative form of the
definition of a derivative, we have

LW @
P g

)~ f@

x—a X — d

lim g(x) — g(a)
x—a X — a
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“terminate Forms and I'Hospital’'s Rule

f(x) — fla)
— fim—o——
r—a g(x) — gla)
X — d
fx) — fla) f(x)

= lim = lim
—a g(x) — gla)  —a g(x)

It is more difficult to prove the general version of I'Hospital’s
Rule.
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!mple 1

In x

Find lim

=1l x— 1

Solution:
Since

limlnx=1In1=0 and lim(x — 1) =0

x—1 x—1



!mple 1 — Solution

we can apply 'Hospital’s Rule:

cont’d

d
— (In x)
. In x . dx
ihn} " ==ihn} ;
=1 o — x—>
—— il —. ]
T o — 1)
. 1/x
==]1n}————
1
= lim —
x—1 X
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Indeterminate Products
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“terminate Products

If lim,__ f(x)=0andlim__g(x) = ocor— oo, thenitisn't
clear what the value of lim___ [f(x) g(x)], if any, will be.

There is a struggle between fand g. If f wins, the answer
will be 0; if g wins, the answer will be “ (or — OO).

Or there may be a compromise where the answer is a finite
nonzero number. This kind of limit is called an
indeterminate form of type 0 - “~.

16



*terminate Products

We can deal with it by writing the product fg as a quotient:

fg=i or fg=1i/f

This converts the given limit into an indeterminate form of
type % or oo/ o S0 that we can use I’'Hospital’'s Rule.

17



!mple 0

Evaluate lim x In x.
x—07F

Solution:

The given limit is indeterminate because, as x — 0%, the
first factor (x) approaches 0 while the second factor (In x)

approaches — oc.
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!mple 6 — Solution

cont’d

Writing x = 1/(1/x), we have 1/x —> oo as x — 0%, so
I'Hospital's Rule gives

. ~ Inx
Im xInx = lim —
x—07F x—0F 1/X

1/x

pr— 1.
xgg-—hkz

= lim (—x)

x—0t
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“terminate Products

Note:
In solving Example 6 another possible option would have

been to write
X

lim xInx = 1li
Xi}l’gh A xirgh 1/In x
This gives an indeterminate form of the type 0/0, but if we

apply I'Hospital’'s Rule we get a more complicated
expression than the one we started with.

In general, when we rewrite an indeterminate product, we
try to choose the option that leads to the simpler limit.

20



Indeterminate Differences
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“terminate Differences

If lim,__ f(x) = o©and lim___ g(x) = o< then the limit

X—a

lim [ f(x) — g(x)]

X—d

IS called an indeterminate form of type cc —cc . Again
there is a contest between and .

Will the answer be (f wins) or will it be — oo (g wins) or will
they compromise on a finite number? To find out, we try to
convert the difference into a quotient (for instance, by using
a common denominator, or rationalization, or factoring out a
common factor) so that we have an indeterminate form of

type ¢ or oo/ o, )



!mple 14

Compute lim (sec x — tan x).

x—(m/2)~

Solution:

First notice that sec x > o« and tan x - oo as x - (#/2),
so the limit is indeterminate.

Here we use a common denominator:

: , 1 sin X
lim (secx — tanx) = lim —
x—>(m/2) x—(m/2~ \ COS X  COS X

23



!mple [/ — Solution -

, I — sin x
= |im
x—(m/2)~  COS X
, —P08 i
= |1m -
x—(w/2)- —SIN X
= (

Note that the use of 'Hospital’s Rule is justified because
1—-sinx —> 0andcos x— 0as x— (7/2).
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Indeterminate Powers
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*terminate Powers

Several indeterminate forms arise from the limit

lim [ f(x)]*
1. lim f(x) =0 and  limg(x) = 0 type 0°
2. lim f(x) = and limg(x) =0 type oo °

3. lim £(x) = 1 and  imp g(x) = + type =

xX—da 2 i)

26



“aterminate Powers

Each of these three cases can be treated either by taking
the natural logarithm:

let y = [f(x)]9™, then Iny=g(x)In f(x)
or by writing the function as an exponential:
[f(x)]e% = @9t)In fx)

In either method we are led to the indeterminate product
g(x) In f(x), which is of type 0 + .
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!mple 3

Calculate lim (1 + sin 4x)""

x—07F

Solution:
First notice that as x — 0*, we have 1 + sin 4x — 1 and
cot X > oo, so the given limit is indeterminate. Let

y = (1 + sin 4x)ctx
Then

In y = In[(1 + sin 4x)*X] = cot x In(1 + sin 4x)
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!mple 8 — Solution

cont’d

so I'Hospital’'s Rule gives

4 cos 4x
. . In(1 + sin 4x 1 + sin 4.
lim Iny = lim ( ) = lim 81211 — =4
x>0+ x—0+ tan x =0t SecTx

So far we have computed the limit of In y, but what we want
is the limit of y.

To find this we use the fact that y = e'v:

lim (1 + sin4x)™" = lim y = lim ™ = ¢*

x—0t x—07t x—07t
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